I. INTRODUCTION
Quantum entanglement [1] is nowadays regarded as constituting one of (if not the) most basic features of quantum mechanics [2, 3, 4] . The increasing interest generated by this subject within the research community [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] has been greatly stimulated by the discovery of novel quantum information processes [2, 3, 4] (such as quantum teleportation and superdense coding) that may lead to important practical developments. The technological relevance of quantum entanglement is not limited to the information technologies, but is also at the basis of other interesting applications, such as quantum metrology [5] . Besides its remarkable technological impact, current research in quantum entanglement is contributing to a deeper understanding of various basic aspects of quantum physics, such as, for instance, the foundations of quantum statistical mechanics [6, 7] . The relationship between entanglement and the dynamical evolution of multipartite quantum systems [8, 9, 10, 11] constitutes another interesting example.
Due to its great relevance, both from the fundamental and from the practical points of view, it is imperative to explore and characterize all aspects of the quantum entanglement of multipartite quantum systems. A considerable amount of research has recently been devoted to the study of multi-qubit entanglement measures defined as the sum of bipartite entanglement measures over all (or an appropriate family of) the possible bi-partitions of the full system [14, 15, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] (see also [27] for another approach, also based on bi-partitions, to multi-artite entanglement). In particular, Brown et al. [14] have performed a numerical search of multi-qubit states exhibiting a high value of an entanglement measure defined in the aforementioned way, based upon the negativity of the system's bi-partitions. The purpose of the present work is twofold. On the one hand, we numerically determine the distribution of entanglement values (according to four different measures of multi-qubit entanglement based upon bi-partitions) of pure states of three, four, and five qubits, and its relationship with important particular states, such as the |GHZ state. On the other hand, we report the result of running numerical searches of multi-qubit states (up to 7 qubits) exhibiting high entanglement according to the alluded to four measures. The results obtained using each of these four measures are compared to each other, and also compared to those reported by Brown et al. [14] .
The paper is organized as follows. Some basic properties of the entanglement measures used here are reviewed in Section II. Our results concerning the distribution of multi-qubit entanglement measures for systems of 3, 4, and 5 qubits are reported and discussed in Section III. Our algorithm for the search of states of high entanglement is presented in Section IV, and the main results obtained are discussed and compared with those reported by Brown et al. Finally, some conclusions are drawn in Section V.
II. PURE STATE MULTIPARTITE ENTANGLEMENT MEASURES BASED ON THE DEGREE OF MIXEDNESS OF SUBSYSTEMS
Research on the properties and applications of multipartite entanglement measures has attracted considerable attention in recent years [14, 15, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] .
One of the first practical entanglement measures for N-qubit pure states |φ to be proposed was the one introduced by Meyer and Wallach [17] . It was later pointed out by Brennen [18] that the measure advanced by Meyer and Wallach is equivalent to the average of all the single-qubit linear entropies,
where ρ k , k = 1, . . . N, denotes the marginal density matrix describing the kth qubit of the system after tracing out the rest. This quantity, often referred to as "global entanglement"
(GE), describes the average entanglement of each qubit of the system with the remaining (N − 1)-qubits. The GE measure is widely regarded as a legitimate, useful and practical N-qubit entanglement measure [18, 19, 20, 21, 22] . This measure is invariant under local unitary transformations and non-increasing on average under local quantum operations and classical communication. That is to say, Q is an entanglement monotone. Another interesting feature of this measure is that it can be determined without the need for full quantum state tomography [18] . This measure proved to be useful in the study of several problems related to multipartite entanglement, such as entanglement generation by nearly random operators [19] and by operators characterized by special matrix element distributions [20] , thermal entanglement in multi-qubit Heisenberg models [21] , and multipartite entanglement in one-dimensional time-dependent Ising models [22] . Other entanglement measures, based upon the average values of the linear entropies associated with more general partitions of the N-qubit systems into two subsystems (that is, involving not only the partitions of the system into a 1-qubit subsystem and an (N−1)-subsystem) have also been recently explored [23, 24, 25] . In particular, Scott [23] studied various interesting aspects of the family of multiqubit entanglement measures given by
where the sum is taken over all the subsystems s constituted by m qubits, • The von Neumann entropy
• The Renyi entropy with q → ∞, S q→∞ Re
, where λ k are the eigenvalues of the marginal density matrix. This particular instance of the Renyi entropy constitutes the case (within the Renyi family) that differs the most from the von Neumann entropy [28, 29] .
Besides these measures we are also going to consider the "negativity" as a measure of the amount of entanglement associated with a given bi-partition. The negativity is given by
where α i are the negative eigenvalues of the partial transpose matrix associated with a given bi-partition. The global, multipartite entanglement measures associated with the sum (over all bi-partitions) of each of these four quantities are here going to be denoted, respectively, by E L , E V N , E R , and E N .
Upper bounds for the four entanglement measures E L , E V N , E R , and E N can be established by considering an (hypothetical) N-qubits pure state such that all its marginal density matrices are fully mixed. These bounds can be seen in Table 1 . Notice, however, that these bounds may not be reachable. For instance, there is no four qubit state reaching the alluded bound [15] . 
III. DISTRIBUTION OF MULTIQUBIT ENTANGLEMENT
In this section we determine numerically the distribution of entanglement values corresponding to pure states of multi-qubit systems randomly generated according to the Haar measure. In Figures 1, 2 , and 3 we plot (for systems of 3, 4, and 5 qubits respectively) the probability densities P of finding multi-qubit states with given values of the entanglement measures E L , E V N , E R , and E N . In these Figures we also show vertical lines corresponding to the entanglement values of important particular states, such as the N-qubit GHZ state,
the states of high entanglement BSSB4 and BSSB5 (of four and five qubits, respectively) discovered numerically by Brown et al. [14] , and the four qubit state HS, that has been conjectured to maximize the entanglement of four-qubit states [15] (when measuring entanglement using the sum of the marginal von Neumann entropies associated with all bipartitions). The HS state has recently been shown to constitute a local maximum of the E V N entanglement measure for four-qubits states [16] . For three qubits systems, the |GHZ state has all its single-qubit marginal density matrices complete mixed and, consequently, constitutes the state of maximum entanglement according to the measures E V N , E L , E N , and E R . On the other hand, the state
according to those same measures, exhibits considerably less entanglement than |GHZ .
However, as can clearly be appreciated in Figure 1 , the W state is still within the most entangled three-qubit pure states. The W state is clearly more entangled than the "typical" pure state of three qubits.
We have seen that, in the case of three-qubits the four measures E V N , E L , E N , and E R lead to qualitatively similar conclusions in connection with the entanglement of the states GHZ and W as compared with the entanglement exhibited by typical (pure) states. On the contrary, when four-qubit states are considered, each of the aforementioned entanglement measures yields different results. According to E R , the state |GHZ still has an amount of entanglement well above most pure states. According to E L , the state |GHZ has an entanglement a little above typical. According to E V N , |GHZ can be said to be (in terms of its entanglement value) still "within the bulk of pure states", but with an amount of entanglement clearly below typical. Finally, according to E N , the |GHZ state exhibits less entanglement than most pure states of four qubits. It is also interesting to notice that the state HS exhibits more entanglement than BSSB4 when using the measures E L , E V N , or E N . On the contrary, BSSB4 has a larger value of E R than HS. For five-qubit states, the |GHZ state has less entanglement than most pure states when the entanglement is measured using E L , E V N , or E N . Curiously enough, according to E R the |GHZ still ranks as a five-qubit state of rather large entanglement.
IV. SEARCH FOR MULTI-QUBIT STATES OF HIGH ENTANGLEMENT
A. Searching Algorithm
In the present paper we are going to restrict our search of multi-qubit states of high entanglement to pure states. In this respect our approach is a little different from that of Brown et al. [14] , who considered a search process within the complete space of possible states (that is, with any degree of mixedness). The kind of search studied by Brown et al. is certainly of interest and may shed some light on the structure of the "entanglement landscape" of the full state space. However, it is reasonable to expect the states of maximum entanglement to be pure. Consequently, as far as the search of states of maximum entanglement is concerned, it seems that limiting the search to pure states is not going to reduce its efficiency. The results reported here fully confirm this expectation. A general pure state of an N-qubit system can be represented as
where |k , (k = 1, . . . , 2 N ) represents the states of the computational basis (that is, the 2 N states |00, . . . , 0 , |10, . . . , 0 , . . . , |11, . . . , 1 ). We start our search process with the initial state |000...0 . In other words, the initial parameters characterizing the state are a 1 = 1, and all the rest of the a i 's and b i 's are equal to zero. This initial state is fully factorizable and can thus be regarded as being "very distant" from states of high entanglement. Starting with an arbitrary, random initial pure state does not alter the results of the search process. Now, at each step of the search process a new, tentative state is generated according to the following procedure. A random quantity ∆ (uniformly chosen from an interval (−∆ max , ∆ max )) is added to each a i and b i (a different, independent ∆ is generated for each parameter). The new state generated in this way is then normalized to 1 and its entanglement measure is computed. If the entanglement of the new state is larger than the entanglement of the previous state the new state is kept, replacing the previous one. Otherwise, the new state is rejected and a new, tentative state is generated. In order to ensure the convergence of this algorithm to a state of high entanglement, the following two rules are also implemented,
• If 500 consecutive tentative new states are rejected, the interval for the random quantity ∆ is changed according to ∆ max → ∆max 2
(as the initial value for ∆ max we take ∆ init max = 0.1).
• When a value ∆ max ≤ 1 · 10 −8 is reached the search program halts.
B. Results Yielded by the Searching Algorithm
The maximum entanglement values obtained from the searching algorithm are listed in The results obtained by us after running the search algorithm several times (considering the entanglement measures E L , E V N , E R , and E N ) can be summarized as follows,
• Among the four measures considered here, E L is computationally the easiest and quickest to evaluate. The algorithm runs faster when maximizing this measure than when maximizing any of the other three. However, in the case of four-qubits most states that maximize E L do not maximize the other measures. There are many different four qubit states that exhibit the observed maximum value E L = 4. Few of these states exhibit also the maximum value of the other entanglement measures (for instance, the value E V N = 9.37734).
• The measure E V N is computationally more expensive than E L . The states obtained maximizing E V N also maximize E L and E N . In other words, all the states that we have found that realize the observed maximum value of E V N realize as well the observed maxima of E L and E N . On the contrary. for four qubits there are many states exhibiting the observed maximum value of E L that do not reach the observed maxium value of E V N .
• The measure E R seems to be the "worst" of the four. States that maximize E R do not, in general, maximize the other measures. And, conversely, states maximizing any of the other measures do not in general maximize E R .
• E N is, by far, computationally the most expensive of the measures considered here.
The states maximizing this measure also maximize E L and E V N . In this case the situation is similar to the already mentioned one corresponding to the measure E V N . The numerical values reported in the above Table are the result of several search experiments that can be summarized as follows. In the case of three qubits the numerical optimization of any of the aforementioned measures leads to the same state, the |GHZ state, and to the concomitant maxima of the entanglement measures. For four qubits, the search for states optimizing E V N yields a final state (equivalent to the |HS state) that also maximizes all the entanglement measures considered excepting E R (here, by "equivalent to the |HS state" we mean that all the marginal density matrices of the alluded state exhibit the same entropic values as those exhibited by the corresponding marginal density matrices of |HS , and also that the alluded state has, for all bipartitions, the same negativities as |HS ). The maximum value of E R reported in Table 2 The five qubits case is similar to the three qubits one. The numerical search of five qubit states optimizing any of the aforementioned entanglement measures leads to states that exhibit the observed maxima of all these measures (which are reported in Table 2 ). In other words, if one runs a search algorithm based upon any one of these measures, one obtains a state that exhibits all the maximum entanglement values reported in Table 2 . These values are the ones corresponding to the five qubits state (8) .
For six qubits, the search experiments based on the maximization of either E L or E V N lead to final states exhibiting the same values of the four entanglement measures, which are reported in Table 2 . The search algorithm based upon the optimization of E R yields states with lower values of the four measures than those shown in Table 2 . For six qubits the search algorithm corresponding to E N is too slow and we were not able to reach the optimal state.
Finally, in the case of seven qubits the values reported on Table 2 were evaluated on the state found when numerically optimizing E V N (this state is explicitly given in the Appendix).
When running numerical searches for seven qubit states optimizing other measures we did not find states with entanglement values higher than those evaluated upon the state obtained when optimizing E V N .
Let us now discuss in more detail the numerically found states of high entanglement.
Four Qubits
In the case of four-qubit systems, the extremalization processes based upon either of the measures E V N or E N always lead to states having the same entanglement values as those exhibited by the HS state discovered by Higuchi and Sudbery [15] , which is given by
. We repeated the search process starting with different, random initial conditions and always found states with entanglement values corresponding to the HS state.
This constitutes convincing numerical evidence that the HS state is, at least, a local maximum of both the E V N and the E N measures. In fact, it was recently proven by Brierley and
Higuchi that the HS state is indeed a local maximum for E V N [16] . Higuchi and Sudbery [15] have provided analytical arguments supporting the conjecture that the HS state is also a global maximum for E V N , but this conjecture has not been proven yet. These authors have also proved that there is no pure state of four qubits such that all its two-qubit marginal density matrices are completely mixed [15] . It is interesting that Brown et al. [14] , when performing a search process similar (but not identical) to the one considered here, obtained instead of the HS state always a state (which we here call BSSB4) exhibiting values of E V N and E N smaller than those exhibited by HS. Besides some intrinsic differences in the algorithm itself, there is the fact that the main results reported here were computed starting the search process with a pure state, while Brown et al. started their search with a mixed state. It is also worthwhile mentioning that we performed the searches using a FORTRAN program, while Brown et al. employed a MAPLE program. When running a search algorithm maximizing the E L measure, we obtained several different final states, some of them exhibiting values of E V N larger than the value corresponding to the state BSSB4. All these findings suggest that, perhaps, the state BSSB4 has no special significance (although it certainly is a highly entangled four-qubits state). Its appearance when running the searching scheme developed by Brown et al. seems to be just an accident due to some special features of that algorithm.
We must mention that we also ran a search algorithm (written in the computer language 
Five Qubits
When running our search scheme for states of five qubits, we always obtain states exhibiting the same entanglement values as the state obtained by Brown et al. [14] ,
where Ψ ± = |00 ±|11 and Φ ± = |01 ±|10 . This state has all its marginal density matrices (for 1 and 2 qubits) completely mixed.
Six Qubits
In the case of six qubits, our algorithm converges to highly entangled states exhibiting all the marginal density matrices for states of 1, 2, 3 qubits completely mixed. In particular,
we discovered the new state of high entanglement,
which, to the best of our knowledge, has not yet been reported in the literature. This state has a rather simple structure, with all its coefficients (when expanded in the computational basis) equal to 0 or ±1 (the same situation occurs for maximally entangled states of 2, 3, 4, and 5 qubits).
7 qubits
When we ran the search program for seven-qubit states of high entanglement we found states with the following features. They all have completely mixed single qubit marginal density matrices. However, these states do not exhibit completely mixed two-qubit and three-qubit marginal density matrices (in this sense, the present situation seems to have some similarities with the four-qubit case).
The high entanglement states of seven qubits that we found are characterized by twoqubits marginal density matrices exhibiting the following entropic values
The three-qubit marginal density matrices of these seven-qubit states have,
When running our program (maximizing either E V N or E N ) for five-qubit or six-qubit states, the search process always leads to a state whose marginal density matrices of 1,2, and (in the six-qubit case) 3 qubits are completely mixed. On the contrary, this never happens when running our algorithm for seven-qubits states. The marginal density matrices of 1 qubit subsystems turn out to be maximally mixed, but not the marginal density matrices corresponding to subsystems consisting of 2 or 3 qubits. Moreover, all the runs of the algorithm for seven-qubits states yielded states with the same entropic values for the marginal statistical operators. This suggests that the case of seven qubits may have some similarities with the case of four qubits. In other words, our results constitute numerical evidence supporting the
Conjecture 1:
There is no pure state of seven qubits whose marginal density matrices for subsystems of 1, 2, or 3 qubits are all completely mixed.
The Single-Qubit Reduced States Conjecture
It was conjectured by Brown et al. [14] that multi-qubit states of maximum entanglement always have all their single-qubit marginal density matrices completely mixed. The results obtained by us when running the search algorithm maximizing the E V N and E N measures are consistent with the aforementioned conjecture. All the states yielded by the searching algorithm (up to systems of seven qubits) have maximally mixed single qubit marginal density matrices. Moreover, in the case of 5 qubits all the states obtained also exhibited maximally mixed two-qubits marginal density matrices. In the case of 6 qubits, all the states obtained had completely mixed marginal density matrices of one, two, and three qubits.
V. CONCLUSIONS
In the present effort we have investigated some aspects of the entanglement properties of multi-qubit systems. We have considered global, multi-qubit entanglement measures based upon the idea of considering all the possible bi-partitions of the system. For each bi-partition we computed a bi-partite entanglement measure (such as the von Neumann entropy of the marginal density matrix associated with the subsystem with a Hilbert space of lower dimensionality) and then summed the measures associated with all the bi-partitions.
This approach has been widely used in the recent literature. In order to evaluate the bipartite contributions we considered four different quantities: the von Neumann, linear, and
Renyi (with q → ∞) entropies, and the negativity. Consequently, we have considered four entanglement measures.
We determined numerically, for the aforementioned four measures, the distributions of entanglement values in the Hilbert spaces of pure states of three, four, and five qubits. This allowed us to determine, for instance, the entanglement status of special states (such us the |GHZ state) with respect to the bulk of the state space.
We also determined, for systems of four, five, six and seven qubits, states of high entanglement using a search scheme akin, but not identical to, the one recently advanced by Brown et al. [14] . These authors performed the search process using an entanglement measure based on the negativity. We investigated the behavior of the search processes based on four different measures: the negativity, and the von Neumann, linear, and Renyi (with q → ∞) entropies of the marginal density matrices associated with a bi-partition. The results obtained by us have some interesting features when compared with those reported by Brown et all [14] . First of all, we found that a search algorithm based on the von Neumann entropy is as successful as one based upon negativity. However, the von Neumann entropy is (in general) considerably less expensive to compute than the negativity. Consequently, when initializing the search process with a pure state, it is better to use the von Neumann entropy.
In is a particular state of six qubits (discovered using our search algorithm) that has all its marginal density matrices of 1, 2, and 3 qubits completely mixed. It is interesting that (in the computational basis) all the coefficients characterizing this state are (up to a global normalization constant) equal to 0 or ±1.
Finally, on the basis of the numerical evidence obtained by us when running our search algorithm for highly entangled states of seven qubits, we make the conjecture that there is no pure state of seven qubits whose marginal density matrices for subsystems of 1, 2, or 3 qubits are all completely mixed.
VI. APPENDIX
In this appendix we present the explicit expressions for some of the states that we have introduced in the previous sections. To give the expression of a state |Ψ we list the values of the coefficients C i appearing in the expansion |Ψ = C i |i of the alluded state in the computational basis {|i }. 
